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Measurement of Water Movement through Soil
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Abstract

A model of heat conduction through porous media is developed under two hy-
potheses. Two media arc taken into account for the study of the transfer of heat
cnergy. Onc is flowing medium, and the other stationary medium. The hypotheses
are: I) volume porosity and surface porosity are constant everywhere in porous
media, and II) the temperature of flowing medium and that of stationary medium are
the same at any infinitesimal portions. The result has come to be similar in the models
of one and the same uniform substance. As theidea of the model is universal, it will be

widely applicable.

1) Preface

Heat conduction through saturated or unsaturated soil is complicated. Three
substances, namely, mineral particles, water and air, take part in heat conduction. It
is difficult to know the rate of contribution of each of these substances to heat conduc-
tion.

K. Shirai presented a heat conduction model (Shirai, 1965). In his model, air flow,
vapor flow caused by air flow and diffusion, changes of water content and conduction of
mineral particles played their respective shares of the role of heat conduction in soil.
As his model includes almost all of the phenomena that are supposed to take part in the
transfer of energy, so the result is very complicated, and it is difficult to come to a de-
finite conclusion.

In the present paper, there is developed a mathematical model of heat conduction
is porous media which is concerned with the macroscopic phenomenon of heat condue-
tion. The heat conduction model here developed is used for measurement of water
velocity through soil by applying the sinusoidal heat input. The model includes two
media, one is stationary medium, and the other flowing medium. Both of them in-
clude mineral particles, water and air. Flowing medium consists of the flowing ele-
ments. Stationary medium consists of the elements which do not flow under given

condition. Therelore, the elements ol both media may change places with cach other
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when the cond tion changes. Under two hypotheses shown in the following section
the heat conduction model becomes simple and similar to the model of a uniform sub-
stance,

Nomenclature

a kg/m?® density
¢ J/(kg-deg) specific heat

deg temperature
u deg/s input temperature
2 JHm-s-deg) termal conductivity
q J/(m®.s) input energy
Q J/m? internal energy
v m/s velocity of flowing medium
J f(m?2-s) energy effluence density
n unit vector normal to the surface §
) m? closed surface
ds m? element of §
S; m? surface occupied by ¢
ds; m? element occupied by ¢
v m# volume bounded by the closed surface S
dv m? element of ¥
Vs m? volume occupied by ¢
dug m? element occupicd by ¢
g surface porosity
g volume porosity

Subscripts

i=p, f
P stationary part
¥ flowing part

2) Hypotheses on porous media

When water moves through porous soil, heat is transferred directly by a flowing
medium and indirectly by conduction in the stationary medium as well as in the flowing
medium. To formulate the heat conduction by a simple energy equation, the writer
wishes to propese two hypotheses, in relation to a flowing medium and a stationary
medium, as follows:

Hypothesis I: Volume porosity m, and surface porosity n; are uniform everywhere
in porous media,
where
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S: total area of closed surface of a soil portion,
Vi total volume of the portion bounded by S,
subscript 7 denotes the following meaning,
. f: flowing part of } or S,
- {p: stationary part of I or S,
and

V=V, 4V, 5=5+5, )

This hyvpothesis means that the ratio of a flowing medium to a stationary medium will
be constant at any infinitesimal portion.

Hypothesis II: At any infinitesimal portion, the temperature of a flowing medium
and that of a stationary medium are the same,

According to hypothesis I, a stationary medium and a flowing medium are well
mixed at any infinitesimal portion, so that the conductivity is isotropic, and the
distribution of temperature is continuous at any finite portion. This implies that at
infinitesimal portions the temperature can be defined as the same in both of the media,
flowing and stationary.

3) Equation of heat conduction

Energy equation in a portion of soil which consists of a stationary medium and a
flowing medium will be described as follows. Input energy is equal to the sum of the
increase of internal energy, the effluence ol energy by heat conduction and that by the
flow. Supposing that V is a volume of the portion bounded by a closed surface S, the

above relationship is expressed as

S gdy = S 34y 4. S Jonds + S Qo-nds 3)
v v Of s s

Soil is classified into two por-
tions: a stationary medium and
a flowing medium. Flowing me-
dium consists of the flowing
clements; stationary medium con-
sists of the elements which do not
flow under given condition. 1
denotes the small volume bounded
by the closed surface S. Jpand
J; are wvectors of the energy
effluence density defincd on the
stationary part and the flowing
part of S, respectively. n is the
unit vector normal to S.

Fig. 1. Stationary medium and flowing medium,
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where g is the input energy (J-m~*.s-1), O the internal energy (J-m=3), Jthe vector of
the effluent energy by heat conduction (J-m=2.s1), p the unit vector normal to S, and
v the velocity of the flow. Figure 1 shows a schematic explanation of the relationship
of the variables mentioned above.

a) Internal energy
Internal encrgy consists of two parts: the energy of the stationary medium and

that of the flowing medium. Tet @ be the sum of (), and 0y and dv be the sum of
dv, and do,. The following relation will be obtained:

Qdv = Qdv, + Q,du, (4)
The following equations are derived by hypothesis 1
dv; = mdv, dv, = m,dv (5)
The internal energy can be written by the temperatures,
Qr=axly, Qp=aes, (6)
By hypothesis 11 the temperatures of the two media are the same,
Gy =y =4 (7)
Hence Eq. (4) is rewritten as
Qdv = a,c,0 m,dv + a,c,0,m,dv
= acOdv (8)
where
ac = a;cm, + ayc m, (9)

Then the increment of the internal energy with time, which is expressed by the first
term on the right side of Eq. (3), becomes
S;%?dv = SV ;ﬁ—(acﬁjdv = SVEC%?CIT) (10)
The last equality can be established only when ac is independent of time.
b) Effluence by heat conduction
Let J be a vector of the effluent energy density, and n be a unit vector normal to
S.  The effluent encrgy through ds is
J-nds (11)
ds consists of two parts, the flowing part and the stationary part. Let ds, and ds, be
these parts, respectively. Eq. (11) will be expressed as

J-nds = J;nds; + J,-nds, (12)
where J ;is the effluent energy density of the flowing medium and J,1s that of the sta-

tionary medium, which are not defined on ds, and ds respectively. As.Jis proportional
to the gradient of temperature, Eq. (12) is rewritten as
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Jonds = (=A,56) -nn ds + (—2,v0)-nn,ds
= —iyf-nds (13)
where
ds, =nds, ds, =n,ds (14)
1= 2m;+ dn, (15)

Eq. (14) is based on the hypothesis I. Eq. (13) is substituted for the second term on

the right side of 12q. (3). The effluence of energy by heat conduction is expressed as
S Jonds = | (~7v8)nds = Lv-(—Iva)ds (16)
b v

The last equality of Eq. (16) is based on Gauss’ theorem.
¢) Effluence by flow
TFlow is observed only in the flowing medium as is defined above. The effluence

of energy by the flow will be expressed as

Qov-nds = Qv-nds; (a7)
LEq. (17) is rewritten by Egs. (6), (7) and (14) as follows:
Qu-nds = a,c,0v-nn,ds (18)

By using Eq. (18), the third term on the right side of Eq. (3) is converted into the follow-

ing equations:

Sst-nds =4 Ssafc_fnf!?u-nds = va-(afcmfﬁu)dv (19)

d) Input energy

g lying in the term on the left side of Eq. (3) expresses the input energy applied to
the portion. Total g is composed of two parts. One is the energy applied to the flow-
ing medium and the other the energy applied to the stationary medium. Hence the

input energy will be written as

gdv = g,dv, + ¢,dv, (20)

The terms of Eq. {(20) can be replaced by the following equations.
Gr= AsCsls Gp = Qglylly (21)
Uy =tp=U (22)

Then the increase of the input energy is expressed as
gdv = agcpupn dv + apcpmydy
= acudv (23)
The unit of the input temperature (deg.-s~') means that the input temperature # is
given during the unit of time. The last equality of Eq. (23) is obtained by Eq. (9).
The term on the left side of 12q. (3), which expresses the input energy, is rewritten as

Srqdv = Sya_cudvr (24)
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e) Energy equation

Combining Eqs. (10), (16), (19) and (24), we have the energy equation expressed by
the temperatures. Under hypotheses I and II, the complete energy equation through
porous media is rewritten as follows:

S acudy = S ?ﬁ—(Ebﬁ)dv + S T (—Avh)dy +S V- {aemfo)dy (2b)
v v O v v

Under the assumptions of time independence and uniformity of @z, Eq. (25) is converted
into the following differential equation:

s 98 _ o f A [ Eststy
= (acvﬁ) +v ( - ffv) (26)
or
a6 z ,
5 = VAV — v (Hv) + u (27)
where
B, (28)
ac
H = @ty (29)
ac

4) Conclusion and Remarks

The heat conduction model through porous media was developed under two hy-
potheses.  The model is quite similar to a model of heat conduction through a uniform
substance. If flow is slow and steady, the spatial relation between the stationary medi-
um and the flowing medium would be invariant. Therefore, the invariability of the
volume porosity and surface porosity in hypothesis T can be admitted in such cases.
The uniformity of these values and the continuity of the hypothesis II can be attained
when the size of soil particles is sutficiently small and uniform.

The model is developed at first for the measurement of water velocity through soil,
using the sinusoidal heat input.  As the idea of this model is universal, the model will
be used not only in heat conduction through soil but also in technological use, e. g. con-
duction through three and more kinds of media.
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