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Similarity of the Spectral Form of Wind Waves 1n
Earlier Stages of Their Development

By
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Abstract

The developments of surface waves caused by a wind which suddenly begins
to blow over a large fetch are observed with a capacitance-type wave gauge.
The variation of power spectrum in these transient stages is examined from the

viewpoint of dimensional analysis.
It is concluded that the spectral forms are similar to each other in the whole
stages of development except in the first few hours when the optimum period

of spectrum 1s smaller than 3.0 sec.

Functional forms of the wave spectra in the so-called equilibrium range could
be found by dimensional reasoning at first by Phillips (1958), and systematic
application of the similarity consideration to the ocean surface waves of the whole
frequencies 1s carried out by Kitaigorodsk: (1961).

In the present article it is shown that the spectral forms are similar to each
other in the whole stages of development except in the few cases at earlier
stages, based on the dimensional reasoning and on the empirical formula of

Mitsuyvasu (1969) concerning optimum frequency of spectrum.

1. The development of the spectrum of surface waves

In general we may put
S=d(f, F, «r, U, 9),

where S: frequency power spectrum density, f: {requency, F: fetch, z: duration
of wind, U: mean wind velocity at definite height, ¢: gravity acceleration.
From dimensional reasoning it follows immediately that

N7 |
.Q;E _wlif&:rfﬂu F*L 'rk]-j'
where
. fu - gr gF
=" f= 7 and F,= 7

respectively show nondimensional frequency, duration and fetch. In the case ot
narrow spectrum, the dynamic equivalence between fetch and duration 1s ap-
proximately given by the expressions:
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where ¢, denotes the group velocity of optimum frequency component which is
given by the expression (2b) for deep water waves, and on(=2x/m) angular fre-
quency. lhe expression (2a) can be normalized as

s £
f:aa.:q-:'?:‘ﬂ jEUdf":g QSJ

From experiments in wind-water tunnel and also from field observations we have
approximately (Mitsuyasu, 1969)

. 'm.U 1 U \ 1/3

—fg =AF, Y3 A=<- | ~3.0, (4 )

Uy /
so that from (3) we get

o =0n AL, (0)

When the duration of wind is smaller than 7., we can regard fetch as infinite,
for example, for U=10m/sec and F=50km we have equivalent duration of mean
wind, t=4.4 hours, so that the initial stage of development in the first 4 hours is
influenced only by duration, fetch being regarded as infinite even if it is limited
to 50 km.

In almost all the cases of the initial stage we can thus neglect the contribu-
tion of fetch, and then it follows from (1) that

Sf?

- =U1(f4 ls) . (6)
Auto-covariance function is defined as follows:
C{r}=2r5f§f) cos2rfrdf . (7)
Substituting (6) into (7), we obtain
C0)=2 /5 0(t), (8)

where

‘-ﬂ{fﬁ: \:Iﬂiuﬁgrl(.’(-*! "le*:)dfﬂ’- -

When we denote optimum frequency of power spectrum as fm, then it follows
that

_ffmS[:f\}___ l"la__’f??LUH] ek (';_f .1") e _#"rli:fﬂ:: -'f;.|.=t} { 9 }
C(0)/2 _k g /7 \NJm DLy .
Now that from (4) and (5)
fmU_ R . _AE.
Q' _Q£f$}r Q _E}E rﬂ: y
we have finally
FmS(f) :(*” I )5 Inlte, (f//m)Qe)] 10)

COY2  \ fm Dty )Q* (1)
For f, — o, @ and ¥ become asymptotically constant so that the right-hand side
of (10) becomes a function of f/fa. Mitsuyasu (1968) has pointed out that non-
dimensional power density of optimum frequency component remains practically
constant and does not depend on the fetch,

fmS{fm-}

- = constant.

C(0)/2
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The above relation is confirmed from experiments in wind-water tunnel as well
as from field observations in Hakata Bay of the Japan Sea. All data are acquired
from wave fields of steady state and limited fetch. When we replace in (10) Z,
by F,, then we obtain a general representation of nondimensional spectrum for
the case of steady state and limited fetch, so that the right-hand side of (10) can

be regarded practically as independent of /..
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Fig. 1.1 Mean wind velocity and duration, the interval of observation
being thickened on the abscissa.
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Fig. 1. 2 Mean wind velocity and duration, the interval of observation
being thickened on the abscissa.
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Fig., 2.1 Raw spectra in the developing stage.

2. Processing of data

All the following data are acquired at the Marine Observation Tower of
Hiratsuka Branch, built at the spot of 20-m depth, 1.3km offshore.

Figs. 2(1)—2(6) show the general characteristics of power spectra in transient
stages, and the unit of ordinate is arbitrary and the abscissa must be read as

f

- F .
- 24tH
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Fig. 2. 2 Raw spectra in the developing stage.

where J4t: sampling interval of data acquisition, H: lag number of spectrum.

Each set of observations is composed of several successive runs, whose agenda
are given in Tables 1—6.

The variations of wind field are shown in Figs. 1(1)—1(6). The most predomi-
nant feature of these raw spectra is the displacement of the optimum frequency
of spectra towards the low frequency range, according as the duration of wind
Increases.

Figs. 3(1—3(6) show normalized spectra corresponding to (10). Except In
Figs. 3(3) and 3(6), normalized spectra are not similar to each other. The slope
of the spectrum in the higher frequency range is somewhat larger in the Initial
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Table 1.
(di=0.3, H=100)

Table 5. 20 February 1970.

8 April 1969.

(4t=0.6, H=100)

)

02
44
36
28
26
25
21

1 'm
sec

2.31
AR b
3.33
4.28
4.61
4.81
D.71

Run | 30 | 7 | e | wn |
1 10 20 25 2.40 D.46 36. 08
2 40 | 21 3.00 4.82 44, 80
3 11 00 | 17 5.1 4.72 00.12
4 20 | 16 3.71 4.81 bd . o8
o 40 | 15 4.00 4.70 74 .89
b 12 00 | 14 4.29 4.91 90.24
7 4() 15 4.00 4.74 74 .08
8 15 00 12 2.00 0.00 | 100.41

Table 3. 26 December 1969.
(4t=0.6, H=100)

Run 5 | 7 | ece | se | e
1 8 15 4.26 65.67
2 55 | 4.24 | 62.69
3 935 | 39 3.08 4.16 08.84
4 10 15 | 34 J. 03 4.35 (.90
0 o0 | 24 0.00 4,17 75.18
6 11 35 @ 24 5.00 0.01 78.75
7 00 5.14 89.79
3 12 15 ‘ 24 5.00 0.29 | 117.89

=gk}, =

Table 2. 12 April 1969.
(di=0.6, H=100)
. | : 3
Time | T m 1173 H 173
Kun h m Fm sSec sec cm
1 1030 56 | 2.14 | 5.91 | 31.02
2 50 5() 2.40 I.3f 33.40
3 11 30 43 2.79 4.06b 41.15
4 o0 | 39 2.04 4.69 47 .77
o 12 10 33 3.64 4 .44 od .99
6 30 | 34 3.53 4.65 60 .62
7 50 26 4 .60 5.17 67.48
8 13 10 21 5.71 5.70 83.05
9 30 | 20 6.00 5.86 90.74
Table 4. 13 Februarv 1970.
(4t=0.6, H=100)
Time . 1173 H 13
Run hm| '™ Sec sec cm
1 1155| 48 2.50 | 4.68 | 36.31
2 12 15 47 2.76 4.11 413.52
3 35| 38 3.16 4.60 56.16
4 55 | 31 3.87 4.83 01.28
5 13 15 | 24 5.00 5.23 | 106.22
§ 30 23 5.22 5.31 103.40
7 15 b5 | 22 5.45 5.56 | 120.04
Table 6. 10 November 1970.
(4t=1.0, H=100)
TiITlE | ?1';?& TI_J.-"E -IIIJI.-"H:
Kun h m '™ sec SeC ‘ cm
1 11 15 56 3.58 5.16 77.16
2 40 | 51 a.972 4 .87 02.33
3 [1205| 51 | 3.92 4.78 |102.17
4 14 30 48 4.16 5.06 118.87
5 15 45 42 4.76 5.38 128.57
6 22 40 | 33 6.06 6.42  148.78
7 ‘ 23 30 a3 6.06 6.47 17(). 84
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Fig. 3.1 Normalized spectra in the developing stage.

stage of the development than in the later stages. This 1s seen more accurately in
Figs. 4(1)—4(6) plotted in logarithmic scale. Except in Figs. 4(3) and 4(6), each of
the spectra in the higher frequency range has a slope larger than —5th power of
frequency in the initial stage of development. Such spectra are rather assimilated
as —6th power of frequency.

Figs. 4(3) and 4(6) show that all the spectra have similar slopes of the order
of —5th power. Corresponding to them, we can see in Figs. 2(3) and 2(6) that
there are rather large spectrum densities already from the first stage of obser-

vation. Optimum periods of the first run for these exceptional cases are respec-
tively 3.1sec and 3.6sec as seen in Tables 3 and 6. For the cases other than

these, on the contrary, they are smaller than 3.0 sec.
The reason of this discrepancy in the similarity form in the equilibrium range
1s not accurately known,
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Fig. 3. 2 Normalized spectra in the developing stage.
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Fig. 4.1 Normalized spectra in logarithmic scale.

One possible cause is the apparent distortion of surface displacement with
higher frequency due to a delay in drainage as the water falls along the capac-
itance wave probe. This results in the decrease of the gain as frequency increases,

so that the slope of the spectrum density becomes steeper. When we assume
broadly this delay of water drainage as exp(—t/r), then we obtain roughly r=

___:12_
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Fig. 4. 2 Normalized spectra in logarithmic scale.

to 1.5 sec which i1s rather critical for our initial stage of development.

The other possible reason is the effect of induced current by wind 1n the

early stage of development. From the energy conservation of wave field, we have
from Phillips (1966, p. 60) the relation

E(o)e(c+2U)do=constant = Eu oy )ci*day , (11)

where c¢=¢/o and ci=g¢g/sy are the local phase velocities, and U the mean current

— 43 —
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speed, so that we have

! UII"'.

Jn:J—I—kU:r_’rlfl—i——gg 'j . (12)
After differentiation of (12) with ¢ and after substitution of them into (11), we
have
/ \ =2
E{[}'): Ii ]_-|—'E:§f' ) Eul{ﬂ'uj}.

When the power spectrum of surface waves for the case of still water is given by
Loloo)=Bg%00™7,
then the above relation can be written as follows:

I eU N
Eo)=fga~ 14+ =]

which shows that the level of spectrum density decreases more rapidly than for
the case of still water.

It 1s interesting to note that the same rapid decrease of power density in the
higher frequency range is always observed in the wind-water tunnel experiment

conducted by Hamada (1966).
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